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Abstract. The strain rate intensity factor is the coefficient of the leading singular term in a
series expansion of the equivalent strain rate in the vicinity of maximum friction surfaces. In 
the case of rigid perfectly plastic solids, the maximum friction law postulates that the friction 
stress at sliding is equal to the shear yield stress. The equivalent strain rate approaches infinity 
near maximum friction surfaces. Therefore, the strain rate intensity factor cannot be 
calculated by means of standard finite element packages. On the other hand, the strain rate 
intensity factor can be used to predict the generation of fine grain layers in the vicinity of 
friction surfaces in metal forming processes. In order to develop a model that connects the 
strain rate intensity factor and parameters characterizing such layers, it is necessary to propose 
a numerical method for calculating the strain rate intensity factor with a high accuracy. In the 
present paper, the strain rate intensity factor is expressed in terms of quantities that are found 
by means of conventional numerical methods based on the theory of characteristics. Then, an 
available numerical method is complemented with an additional procedure to find the strain 
rate intensity factor. The new method is used to calculate the strain rate intensity factor in 
compression of a plastic layer between parallel plates. The approach proposed is restricted to 
plane strain deformation of rigid perfectly plastic material.  
1 INTRODUCTION
The strain rate intensity factor has been introduced in [1] as the coefficient of the leading 
term in a series expansion of the equivalent strain rate in the vicinity of maximum friction 
surfaces. The leading term of this expansion follows an inverse square root rule near 
maximum friction surfaces. Hence the equivalent strain rate approaches infinity in the vicinity 
of such surfaces. For this reason standard commercial finite element packages are not capable 
to calculate the strain rate intensity factor. On the other hand, the maximum friction law is 
often accepted as a boundary condition to describe metal forming and cutting processes [2 - 
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13]. In real processes and special purpose experiments, a layer with drastically modified 
material properties is generated in the vicinity of surfaces with high friction [2 – 13]. This is 
in qualitative agreement with the main result obtained in [1] since many material properties 
are affected by the equivalent strain rate and the strain rate intensity factor controls the 
magnitude the equivalent strain rate in the vicinity of maximum friction surfaces. Moreover, 
the expansion found in [1] predicts a very high gradient of the equivalent strain rate near 
maximum friction surfaces. An approach to connect the strain rate intensity factor and the 
distribution of material properties in a narrow layer near surfaces with high friction has been 
proposed in [14]. In order to apply this approach, it is necessary to develop a numerical 
method to calculate the strain rate intensity factor with a high accuracy. Such a method is 
proposed in the present paper for plane strain deformation of rigid perfectly plastic material. 
The method is based on the method of characteristics. The numerical method is adopted to 
find the distribution of the strain rate intensity factor in compression of a plastic layer between 
rigid parallel plates. It is shown that the distribution of the strain rate intensity factor is given 
by a discontinuous function. Comparison with Prandtl’s cycloid solution is made. 
In addition to rigid perfectly plastic material considered in [1], the strain rate intensity 
factor has been introduced for more general material models in [15 – 17].
2 STRAIN RATE INTENSITY FACTOR IN CHARACTERISTIC COORDINATES
In the case of rigid perfectly plastic materials the maximum friction surface is defined by 
the condition that the friction stress at sliding is equal to the shear yield stress, k constant= .
The equivalent strain rate in the vicinity of maximum friction surfaces is represented as [1]:
1
eq
D o
s s
ξ  = +   
(1)
as 0s → . Here s is the normal distance to the maximum friction surface and D is the strain 
rate intensity factor. In the case of plane strain deformation the equivalent strain rate is given 
by: 
1 1 2 2 1 2
2 2 22 2 .
3eq q q q q q q
ξ ξ ξ ξ= + +
(2) 
Here 
1 1q q
ξ  , 
2 2q q
ξ and 
1 2q q
ξ   are the components of the strain rate tensor in an arbitrary 
ortogonal curvilinear coordinate system ( )1 2,q q . It is known that planar flow of rigid 
perfectly plastic material is described by a hyperbolic system of equations [18]. Let the two 
families of characteristics be labeled by the parameters α  and β . Then [18],
φ α β= + (3) 
and
1 1,
R s S sα β
φ φ∂ ∂= = −∂ ∂
(4) 
where φ is the anti-clockwise angular rotation of the α − line from any fixed direction, 
sα∂ ∂  and sβ∂ ∂ are space derivatives taken along the α −  and β − lines, respectively, R is 
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the radius of curvature of the α − lines, and S is the radius of curvature of the β −  lines. The 
α −  and β − lines can be regarded as a pair of right – handed curvilinear ortogonal 
coordinates. The orientation of these lines is chosen such that the algebraically greatest 
principal stress 1σ falls in the first and third quadrants. The angle between the direction of 
this stress and each of the characteristic directions is 4π (Figure 1). The normal strain rates 
vanish in the characteristic coordinates [18]. Therefore, equaton (2) in which 1q α≡ and 
2q β≡ becomes:
2
3eq αβ
ξ ξ= (5) 
where αβξ is the shear strain rate in the characteristic coordinates. Introduce a Cartesian 
coordinate system ( ),x y . The angle φ can be measured from the x- axis (Figure 2). Let xyξ
be the shear strain rate in the Cartesian coordinates. It is evident that xy αβξ ξ=  at some point P
if 0φ =  at that point. By definition,
1
2
yx
xy
uu
y x
ξ ∂ ∂= + ∂ ∂ 
(6) 
where xu and yu are the Cartesian components of velocity. It is seen from the geometry of 
Figure 2 that:
cos sin , sin cosx yu u u u u uα β α βφ φ φ φ= − = + (7) 
where uα  and uβ are the velocity components referred to the α −  and β −  lines, 
respectively. It is evident that:
,
x R y Sα β
∂ ∂ ∂ ∂= = −∂ ∂ ∂ ∂
(8) 
at P if 0φ = . Substituting equation (7) into equation (6) and using equation (8) give xyξ at 
this point. Then, equation (5) yields:
1 .
3eq
u uu u
S S R R
β βα αξ β α
∂∂= − + + +∂ ∂
(9) 
The expansion (1) is valid in the vicinity of an envelope of characteristics where 0S =  or 
0R = . Consider the case 0R = . In the vicintity of a generic point Q of such an envelope 
equation (9) becomes:
1
3eq
u
u
R
β
αξ α
∂= +∂
(10) 
to leading order. Here the derivative uβ α∂ ∂   and the velocity component uα are 
understood to be calculated at Q. Comparing equations (1) and (10) shows that:
521
Sergei Alexandrov and Chihyu Kuo
( )0R R s o s= + (11) 
as 0s → . The tangent to the envelope under consideration coincides with the tangent to a 
β − line at Q. Therefore, equation (8)1 is valid with s mx= where 1m = ± . Substituting 
equation (11) into equation (8)1 gives:
( )
2
0 1
2
RR o
mα
∂ = +∂
(12) 
as 0s → . Integrating equation (12) yields:
( ) ( )20
2 Q Q
R
R o
m
α α α α= − + − (13) 
as Qα α→ . Here Qα is the value of α at Q. Substituting equation (11) into equation (10) 
and comparing the resulting expression with equation (1) show that:
0
1 .
3
u
D u
R
β
αα
∂= +∂
(14) 
The dependence of uα , uβ and R on α  and β is supposed to be known from the solution 
to a boundary value problem found by the method of characteristics. Therefore, the right hand
side of equation (14) can be determined using the asymptotic expansion (13). Then, the strain 
rate intensity factor is readily found from equation (14). The case 0S = can be treated in a 
similar manner. 
3 VERIFICATION OF EQUATION (14) 
Equation (14) can be verified by using an analytic solution. As an example, the solution 
found in [19] is used in the present paper. The boundary value problem consists of a planar 
deformation comprising the simultaneous shearing and expansion of a hollow cylinder. The 
solution has been given in cylindrical polar coordinates ( )r zθ under the assumption that it is 
independent of θ  and z. In particular, the radial and circumferential velocities are:
4 4 4 4
2 2, .r
Ua Ur b a r au u
r a b rθ
 − − = = −  
(15) 
Here a is the internal radius, b is the external radius and U is the rate of expansion of the 
internal radius. The máximum friction law is supposed at r a= . The non-zero strain rate 
components in the cylindrical coordinates are determined from equation (15) as:
3
2 2 2 4 4
, , .rr r
Ua Ua Ua
r r r r a
θθ θξ ξ ξ= − = = − −
Substituting these strain rates into equation (2) in which 1q r≡  and 2q θ≡ yields:
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1
3eq
U o
a r a r a
ξ  = +  − − 
(16) 
as r a→  . Since s r a= − in the case under consideration, it follows from equations (1) 
and (16) that:
.
3
UD
a
= (17) 
The stress solution is given by [19]:
2 cos 2 , sin 2rr rk kθθ θσ σ ψ σ ψ− = = (18) 
where rrσ , θθσ and rθσ are the components of the stress tensor in the cylindrical 
coordinates, 4 2π ψ π≤ ≤ and
1
sin 2
r
a ψ= . 
(19) 
It is seen from this equation that 4ψ π= at the maximum friction surface. Using equation 
(18) the slope ϕ of the principal stress axis corresponding to 1σ with respect to the r- axis is 
determined as:
ϕ ψ= . (20) 
Therefore, the slope of the α − lines is 4ϕ π− and the slope of  the β − lines is 4ϕ π+
(Figure 1). The equations for the α − and β − lines are:
tan
4
rd
dr
θ πϕ = −   and tan 4
rd
dr
θ πϕ = +   ,
(21) 
respectively. Using equation (19) it is posible to replace differentition with respect to r
with differentation with respect to ψ  in equations (21). Then, these equations become:
tan cot 2
4
d dπψ ψ ψ θ − − =   and tan cot 24 d d
πψ ψ ψ θ − + =    .
(22) 
Let ( )r rα θ= be the solution to equation (21)1. According to the convention accepted in 
[18] the radius of curvature of the α − lines is not negative in the problem under 
consideration. Therefore, this radius is given by:
( )
( )
3 222
22 2 2
.
2
r dr d
R
r dr d r d r d
α α
α α α α
θ
θ θ
 + =
+ −
(23) 
It follows from equations (19), (20) and (21) that:
( )cot 4
sin 2
adr
d
α ψ π
θ ψ
−=  .
(24) 
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Then,
( ) ( )
( )
2
2
1 cos 4 4sin 2 tan 4
2cos 2 1 sin 2 sin 2
ad r
d
α ψ ψ ψ π
θ ψ ψ ψ
+ − += − −  .
(25) 
Here equation (22)1 has been used. It follows from equation (24) that:
( ) ( )44
dr a O
d
α ψ πθ ψ π= + −−
(26) 
as 4ψ π→ (or r a→ ) and from equation (25) that:
( ) ( )
2
2 4 2
1
2 4 4
d r a O
d
α
θ ψ π ψ π
 
= − +  
− −  
(27) 
as 4ψ π→ . Substituting equations (26) and (27) into equation (23) yields:
4 4
R a oπ πψ ψ   = − + −      
(28) 
as 4ψ π→ . Equation (19) is represented as:
2 2
4 4
r a a oπ πψ ψ    − = − + −         
(29) 
as 4ψ π→ . It follows from equations (28) and (29) that:
( )2R a r a o r a= − + − (30) 
as r a→ . Comparing equations (11) and (30) shows that:
0 2 .R a= (31) 
From the geometry of Figure 1 it is posible to find that: 
( ) ( )
cos sin ,
4 4
cos sin ,
4 4
,
4
sin
cos .
r
r
u u u
u u u
R r r
α θ
β θ
π πϕ ϕ
π πϕ ϕ
πφ θ ϕ
φ θφ θα θ
   = − + −      
   = + + +      
= + −
−∂ ∂ ∂= − +∂ ∂ ∂
(32) 
Eliminating ϕ in first three equations of this system by means of equation (20) yields: 
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cos sin ,
4 4
cos sin ,
4 4
.
4
r
r
u u u
u u u
α θ
β θ
π πψ ψ
π πψ ψ
πφ θ ψ
   = − + −      
   = + + +      
= + −
(33) 
Using equation (33)3 equation (32)4 can be transformed to: 
cos sin .
4 4R r r
π πψ ψα θ
∂ ∂ ∂   = − + −   ∂ ∂ ∂   
(34) 
Since the solution is independent of θ  equation (34) results in:
cos .
4
u u
R r
β βπψα
∂ ∂ = − ∂ ∂ 
(35) 
Differentiating equation (33)2 with respect to r gives:
cos sin sin cos .
4 4 4 4
r
r
u uu u u
r r r r r
β θ
θ
π π ψ π π ψψ ψ ψ ψ∂ ∂∂ ∂ ∂       = + − + + + + +       ∂ ∂ ∂ ∂ ∂       
(36) 
Differentiating equations (15) and (19) yields:
( )4 44 4
2 2 4 4
2
3
,
.
cos 2
a ru U b a
r a b r r a
a
r r
θ
ψ
ψ
 +∂ − = −∂  − 
∂ = −∂
(37) 
It follows from these equations and (29) that: 
( )
( )
,
4 4
1 .
2 4 4
u U o
r a
o
r a
θ πψψ π
ψ πψψ π
∂  = − + − ∂ −  
∂  = + − ∂ −  
(38) 
as 4ψ π→ . Substituting equations (15) and (38) into equaton (36) gives:
( ) ( )
3 4
2 4
u U o
r a
β ψ πψ π
∂ = − + −∂ −
(39) 
as 4ψ π→ . It follows from equations (28), (35) and (39) that:
( )3 1u U oβα
∂ = − +∂
(40) 
as 4ψ π→ . It is evident that u Uα = at r a= . Substituting this value of uα , (31) and 
(40) into (14) shows that the strain rate intensity factor found by means of this equation 
coincides with that given by (17).
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4 COMPRESSION OF A PLASTIC LAYER BETWEEN PARALLEL PLATES
A schematic diagram of the process is shown in Figure 3. A layer of plastic material is 
compressed between rigid parallel plates. The current thickness of the layer is denoted by 2h
and current width by 2w. The velocity of each plate is V. The maximum friction law is 
assumed at y h= ± . This problem is known as Prandtl’s problem [18]. The Prandtl’s cycloid 
solution to this problem can be found in any textbook and monograph on plasticity theory
(see, for example, [18]). It follows from this approximate solution that [20]:
2 .
3
VD
h
=
(41) 
A numerical solution to the problem under consideration has been proposed in [21]. This 
solution has been reproduced in the present paper and then complemented with a procedure to 
calculate the strain rate intensity factor by means of equation (14). The distibution of the 
dimensionless strain rate intensity factor d defined as d D h V= along the friction surface 
is depicted in Figure 4 at 13w h = . The broken line corresponds to equation (41). It is seen 
from Figure 4 that even though an average value of the strain rate intensity factor for a finite 
layer approaches the value given by Prandtl’s solution, local values of the strain rate intensity 
factor for the finite layer may be significantly different from that given by (41).
5 CONCLUSIONS
- The strain rate intensity factor for rigid perfectly plastic material under plane strain 
conditions has been derived in characteristic coordinates.
- The expression for the strain rate intensity factor in characteristic coordinates has 
been implemented into a numerical code based on the method of characteristics.
- The strain rate intensity factor has been calculated for compression of a rigid plastic 
layer of finite width. It has been shown that local values of the strain rate intensity 
factor for a layer of finite width may be significantly different from that found from 
the solution for an infinite layer even though the ratio of the width to thickness is 
quite large.  
- The distribution of the strain rate intensity factor along the friction surface is 
discontinuous (Figure 4). 
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Figure 1: Characteristic and cylindrical coordinates
Figure 2: Characteristic and Cartesian coordinates
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Figure 3: Compression of a plastic layer - notation
Figure 4: Distribution of the dimensionless strain rate intensity factor along the friction surface
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